Introduction
Let $\Omega$ be an exterior domain in $R^{n}(n\geq 3)$ , the half space $R_{+}^{n}$ , or the whole space where $w=w(x,t)=(w^{1}(X, t),$ $\cdots,$ $w^{n}(x,t))$ and $\pi=\pi(x, t)$ denote the unknown velocity vector and the unknown pressure of the fluid, respectively, while $f=f(x,t)=(f^{1}(x,t),$ $\cdots,$ $f^{n}(x,t))$ is the given external force. In [11] , Kozono-Nakao constructed periodic strong solutions in unbounded domains for some periodic external force $f$ . Their solutions belong to $BC(R;L^{r}\cap$ $L^{\infty})$ for some $n/2<r<n$.
The purpose of the present paper is to show the stability of such solutions. If Thus our problem on the stability for $(N-S)$ can now be reduced to investigation into existence of global strong solutions to $(N-S')$ and their asymptotic behavior. If $w\equiv 0$ , our problem coincides with the initial boundary value problem for the usual nonstationary Navier-Stokes equations. Kato [9] constructed a global strong solution of $(N-S)$ having a decay property by the iteration method. His method needs the global estimate $\sup_{0<t}<\infty^{t^{1/2}}||\nabla u(t)||_{n}<\infty$ .
On the other hand, the periodic solution $w$ prevents us from getting this estimate. Hence we introduce a notion of mild solution as Kozono-Ogawa [13] . We first construct a global mild solution having a decay property. Then we shall show that this mild solution can be identified locally in time with the strong solution. Since the time interval of existence of strong solutions is characterized by the $L^{2n}$ -norm of the initial data, we may conclude that our mild solution is actually a strong one.
Results
Throughout thi $s$ paper we impose the following assumption on the domain. and $L^{\infty}(\mathrm{O}, \infty;L^{r})$ -norms, respectively. In this paper, we denote by $C$ various constants. In particular, $C=C(*, \cdots, *)$ denotes the constant depending only on the quantities appearing in the parentheses.
Let us recall the Helmholtz decomposition: Similarly as above, for an external force $f\in C((\mathrm{O}, T);L_{\sigma}^{n})$ we define the strong solution of $(N-S)$ on $(0,T)$ , so we do not write its definition here. Next we define a mild solution of (N-S') as Kozono-Ogawa [13] (ii) $\lim_{tarrow+}0t(1-n/7^{\cdot})/2||u(t)||_{T}=0$ ;
for all $\phi\in C_{0,\sigma}^{\infty}$ and all $0<t<T$. for some $m_{1},$ $m_{2}$ with $2n/(2n-$ $3)\leq m_{1}<n<m_{2}$ . There are positive numbers $\lambda_{1}(n, m_{1,2}m),$ $\lambda_{2}(n)$ such that if
then there $i_{\mathit{8}}$ a unique mild solution $u$ of (N-S') in the class $S_{2n}(\mathrm{o}, \infty)$ with the decay property $||u(t)|| \iota\leq c_{t^{-\frac{\tau}{2}(}}'\frac{1}{\tau\iota}-\frac{1}{l})$ for $n\leq l\leq 2n$ . for $0<t<t+h<T$ . We easily show $K^{h}(t)\leq K_{*}h^{\frac{-1+\beta}{2}}t^{\frac{1-\beta}{2}}\leq K_{*}t^{\frac{-1+\beta}{02}}t^{\frac{1-\beta}{2}}$ for all $h\geq t_{0}$ and all $0<t<T-h$ .
Suppose that $u(t_{1})\equiv v(t_{1})$ for some $t_{1}\geq t_{0}$ . Then, by lemma 3.5 we see that $u(\cdot+t_{1})$ and $v(\cdot+t_{1})$ is mild solutions in the class $S_{r}(0, T-t1)$ with same initial data $u(t_{0})$ . By the above argument we have
for $t_{1}\leq t\leq t_{1}+\xi$ .
Since $\xi$ can be choosen independent of $t_{1}$ , we can repeat the same argument as above for $t\geq t_{1}+\xi$ and we have $u(t)\equiv v(t)$ for all $t\in[0,T)$ . This proves Lemma 3.6.
4
Proof of Theorems 2.1 and 2.2.
Proof of Theorem 2.1. Let us construct the mild solution according to the following scheme:
for all $\phi\in C_{0,\sigma}^{\infty}$ and all $0<t<\infty$ . Indeed, we can see that there is a function $u_{j+1}$ satisfying If we assume for some $0<\alpha\leq 1/2$ that (4.9) $C_{2}(\alpha,m1,m_{2},n)(||w||_{m}1,\infty+||w||_{m\infty}2,)<1$ ; (4.10) $4M_{n,\frac{n}{\alpha}}||a||{}_{n}C_{1}(\alpha,n)<(1-^{c_{2(||w}}||_{m_{1}},\infty+||w||_{m_{2},\infty}))^{2}$ , then the sequence $\{K_{\alpha,j}\}_{j=\mathit{0}}\infty$ is bounded with (4.11) $K_{\alpha,j}< \frac{1-^{c_{2}|||w}|||-\sqrt{(1-C_{2}|||w|||)2-4K_{\alpha,01(,n)}C\alpha}}{2c_{1(\alpha,n)}}\equiv k_{\alpha}$ , $j=\mathrm{O}1,$ $\ldots$ , where $|||w|||\equiv||w||_{m_{1},\infty}+||w||_{m_{2},\infty}$ . From now on we assume (4.9) and (4.10) for some $0<\alpha\leq$ $1/2$ . Set $v_{j}\equiv u_{j}-u_{j}-1(u_{-1}\equiv 0)$ . By Lemma 3.3 we see that (4.12) $|(v_{j+1}(t), \phi)|\leq(2C_{1}k_{\alpha}+C_{2}|||w|||)(_{0<s<\infty}\sup s\frac{1-\alpha}{2}||v_{j}(S)||_{\frac{n}{\alpha})}t^{\frac{\alpha-1}{2}}||\phi||_{\frac{n}{n-\alpha}}$ .
Letting $C_{\alpha,3}\equiv 2C_{1}(\alpha, n)k_{\alpha}+C_{2}(||w||_{m_{1}},\infty+||w||_{m_{2}},\infty)$ , from duality we obtain $0<S \sup_{<\infty}s^{\frac{1-\alpha}{2}1}|vj+1(_{S})||\frac{\tau\iota}{\alpha}\leq C_{\alpha,3}(_{0<}\sup_{S<\infty}S^{\frac{1-\alpha}{2}}||vj(s)||_{\frac{n}{\alpha}})$ , $j=0,1,$ $\ldots$ , which yields We next show $u\in BC([0, \infty));L_{\sigma}^{n})$ if (4.9) and (4.10) hold for $\alpha=1/2$ . From now on we assume that (4.9) and (4.10) hold for $\alpha=1/2$ . Since $w\in L^{\infty}(\mathrm{O}, \infty;L^{m}\sigma 1\cap L_{\sigma}^{m_{2}})$ , we can take which implies by duality that (4.17) $\sup_{0<S<\infty}||v_{j+1}(s)||_{n}\leq C(n,w, k1/2)\sup_{<S<}s0\infty\frac{1}{4}||v_{j}(S)||2n$ for $j=0,1,$ $\ldots$ .
From this and (4.13) with $\alpha=1/2$ we obtain To see that $u$ is desired mild solution of (N-S') in the class $S_{2n}(\mathrm{o}, \infty)$ , we need to prove that $u$ satisfies (iii) in Definition 2. By Lemma 3.1 and (4.14), we have Suppose that (5.3) and (5.4) are true. Then, multiplying (5.2) by $\phi$ and integrating by parts, we obtain the identity (4.2) . We have by (3.2) and the H\"older inequality that Hence from (5.11) we see that the sequence $\{L_{j}^{T^{*}}\}_{j}^{\infty}=0$ is bounded with (5.13) $L_{j}^{T^{*}}< \frac{M_{n,n}'||a||_{n}+Q\frac{n}{\alpha+1}M\frac{/\tau\iota}{\alpha+1},n(B\frac{1-\alpha}{2},\frac{\alpha}{2})||(\cdot)^{1}/2\nabla w||n,\infty;T^{*k_{\alpha}}T^{*}}{1-C_{4}(k_{\alpha}\tau*|+|w||_{m},\infty\tau*\frac{1}{2}(1-\frac{\tau\iota}{\tau n}))}\equiv L^{T^{*}}$ By standerd argument, such a bound yields 
